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Mixed Hodge structure on complements of complex
coordinate subspace arrangements
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Abstract. We compute the mixed Hodge structure on the cohomology ring of
complements of complex coordinate subspace arrangements. The mixed Hodge
structure can be described in terms of the special bigrading on the cohomology
ring of complements of complex coordinate subspace arrangements. Originally
this bigrading was introduced in the setting of toric topology by V.M. Buch-
staber and T.E. Panov.
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Introduction
A study of topology of coordinate subspace arrangements appears in different
areas of mathematics: in toric topology and combinatorial topology [3, 2], in the
theory of toric varieties, where complements to coordinate subspace arrangements
play the role of homogeneous coordinate spaces [4, 5], in the theory of integral rep-
resentations of holomorphic functions in several complex variables, where coordi-
nate subspace arrangements play the role of singular sets of integral representations
kernels [1, 15].
The universal combinatorial method for the computation of cohomology groups
of complements to arbitrary subspace arrangements was developed in the book
of Goresky and Macpherson [9] (see also [16]), but this method often leads to
cumbersome computations. In the study of toric topology, in particular, in works of
Buchstaber and Panov [3, 2], the method for the computation of the cohomology
of complements to coordinate subspace arrangements was developed. This method
is simpler than the universal method and allows to get some additional topological
information.
The main purpose of this article is to compute the mixed Hodge structure
on the cohomology rings of complements to complex coordinate subspace arrange-
ments. We will show that this mixed Hodge structure is described by means of a
special bigrading on the cohomology rings of complements to complex coordinate
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subspace arrangements, which was introduced in [3, 2]. This bigrading was obtained
originally from the combinatorial and topological ideas.
The mixed Hodge structure on the cohomology rings of complements to arbi-
trary hyperplane arrangements in the complex and ℓ-adic settings was studied in
[10], [12], [14]. The same problem in the case of complements to arbitrary affine
plane arrangements was studied in [7].
The first section of this paper consists of different facts about topology of
complements to complex coordinate subspace arrangements. In this section we fol-
low [3], [2]. Let ZK be a complex coordinate subspace arrangement in C
n. This
arrangement is defined by the combinatorics of a simplicial complex K on the set
{1, . . . , n}. In [3], [2], from the topological reasons, the differential bigraded algebra
RK was introduced (RK is determined by combinatorics of K). The cohomology ring
H∗(Cn \ZK) is isomorphic to the cohomology ring H∗(RK). Denote by H−p,2q(RK)
the bigraded cohomology of the algebra RK, then
Hs(Cn \ ZK) ≃
⊕
−p+2q=s
H−p,2q(RK).
Thus, there is a bigrading on the cohomology ring H∗(Cn \ ZK).
In the second section we recall some facts and concepts from differential topol-
ogy and algebraic geometry. We use them in the last section.
In the third section the main theorem of this paper is proved. We show that
the bigrading on the cohomology of RK and, consequently, the bigrading on the
cohomology H∗(Cn \ ZK) appear naturally from the mixed Hodge structure on
cohomology of Cn \ZK. In particular, denote by F kHs(Cn \ZK,C) the k-th term of
the Hodge filtration on Hs(Cn \ZK,C), and denote by WkHs(Cn \ZK,C) the k-th
term of the weight filtration on Hs(Cn \ ZK,C). Then following theorem holds.
Theorem 1.
F kHs(Cn \ ZK,C) ∼=
⊕
q≥k
−p+2q=s
H−p,2q(RK)⊗ C,
WrH
s(Cn \ ZK,C) ∼=
⊕
2q≤r
−p+2q=s
H−p,2q(RK)⊗ C.
1. General facts on topology of coordinate subspace arrangements
This section consists of different facts about topology of complements of coor-
dinate subspaces arrangements. All statements of this section are taken from [3].
Let K be an arbitrary simplicial complex on the set [n] = {1, . . . , n}, i.e., the
vertices of K are elements of [n]. An element j ∈ [n] is called a ghost vertex if j is
not a vertex of K. If σ = {i1, . . . , im} is a subset of [n], we write σ 6∈ K if σ does
not define a simplex in K. Define the coordinate planes arrangement corresponding
to K as
ZK :=
⋃
σ 6∈K
Lσ,
where
Lσ = {z ∈ Cn : zi = 0, i ∈ σ}.
Every arrangement of complex coordinate subspaces in Cn can be defined in this
way.
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Let D2σ × S1γ be the chain:
D2σ × S1γ = {|zi| ≤ 1 : i ∈ σ; |zj | = 1 : j ∈ γ, zk = 1 : k 6∈ γ ∪ σ},
where σ, γ ⊆ [n] and σ ∩ γ = ∅. Consider the differential form
(1)
dzI
zI
=
dzi1
zi1
∧ · · · ∧ dzik
zik
,
where I ⊆ [n], |I| = k, I = {i1, . . . , ik} and i1 < · · · < ik.
The orientation of the chain D2σ × S1γ is such that the restriction of the form
1
(
√−1)|γ|
dzγ
zγ
∧
∧
j∈σ
(
√−1dzj ∧ dzj)
to D2σ × S1γ is positive. Then the boundary of this chain equals
∂D2σ × S1γ = Σi∈σ(−1)(i,γ∪i)+1D2σ\i × S1γ∪i,
where (i, γ ∪ i) is the position of i in the naturally ordered set γ ∪ i.
Definition 1. The topological space
ZK =
⋃
σ∈K
D2σ × S1[n]\σ
is called the moment-angle complex.
Theorem 2 ([3]). There exists a deformation retraction of Cn \ ZK onto ZK.
Let us introduce some formal algebraic notation. It will be used to describe the
topology of moment-angle complexes.
Definition 2. A Stanley-Reisner ring of a simplicial complex K on the vertex
set [n] is the ring
Z[K] = Z[v1, . . . , vn]/IK,
where IK is a homogeneous ideal generated by the monomials vσ =
∏
i∈σ vi such
that σ 6∈ K :
IK = (vi1 · . . . · vim : {i1, . . . , im} 6∈ K).
Consider the differential bigraded algebra (R(K), δR) :
RK := Λ[u1, . . . , un]⊗ Z[K]/J ,
where Λ[u1, . . . , un] is the exterior algebra and J is the ideal generated by mono-
mials v2i , ui ⊗ vi, i = 1, . . . , n. The bidegrees of generators vi, ui of this algebra are
equal to
bideg vi = (0, 2), bideg ui = (−1, 2).
The differential δR is defined on the generators as follows:
δRui = vi, δRvi = 0.
Denote uIvJ := ui1 . . . uiq ⊗ vj1 . . . vjp , where I, J ⊆ [n], I = {i1, . . . , iq}, i1 <
· · · < iq, J = {j1, . . . , jp}, and I ∩ J = ∅ (we suppose that u∅v∅ = 1).
Let R−p,2qK be the homogeneous component of bidegree (−p, 2q) of algebra RK.
The differential δR is compatible with the bigrading, i.e., δR(R
−p,2q
K ) ⊆ R−p+1,2qK .
Consider the complex
· · · δR−→ R−p−1,2qK
δR−→ R−p,2qK
δR−→ R−p+1,2qK
δR−→ . . . ,
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let H−p,2q(RK) be a cohomology group of this complex. It is clear that the coho-
mology groups of RK are isomorphic to
Hs(RK) =
⊕
−p+2q=s
H−p,2q(RK).
Theorem 3 ([3]). The cohomology ring H∗(Cn \ZK) is isomorphic to the ring
H∗(RK).
Remark 1. The relation between Theorem 3 and the results of Goresky and
Macpherson [9] on cohomology of subspace arrangements is described in [3, Ch. 8].
Let us describe an explicit construction of the isomorphism of Theorem 3. First
we construct a cell decomposition of ZK. Consider the cell
Eσγ = {|zi| < 1 : i ∈ σ; |zj | = 1, zj 6= 1 : j ∈ γ; zk = 1 : k 6∈ γ ∪ σ},
where σ, γ ⊆ [n] and σ ∩ γ = ∅. The closure of this cell equals Eσγ = D2σ × S1γ .
The orientation of Eσγ is defined by the orientation of D
2
σ ×S1γ . We obtain the cell
decomposition
ZK =
⋃
σ∈K,γ⊆[n]\σ
Eσγ .
Let C∗(ZK) be the celluar chains group of this cell decomposition; denote by
C∗(ZK) the celluar cochains group. Let E′σγ be the cocell dual to the cell Eσγ , i.e.,
E′σγ is a linear function on C∗(ZK) such that 〈E′σγ , Eσ′γ′〉 = δσγσ′γ′ (the Kronecker
delta).
Proposition 1 ([3]). The linear map φ : RK → C∗(ZK), φ(vσuγ) = E′σγ
is an isomorphism of differential bigraded modules. In particular, there exists an
isomorphism H∗(RK)
φ≃ H∗(ZK).
From the structure of the cell decomposition of ZK and Theorem 2 it follows
that every cycle Γ ∈ Hs(Cn \ ZK) has a representative of the form
(2) Γ =
∑
−p+2q=s
Γ−p,2q,
where Γ−p,2q is a cycle of the form
(3) Γ−p,2q =
∑
|σ|=q−p
|γ|=p
Cσγ ·D2σ × S1γ , Cσγ ∈ Z.
Let H−p,2q(C
n\ZK) be the group generated by all cycles of the form (3). Obviously,
we have
Hs(C
n \ ZK) =
⊕
−p+2q=s
H−p,2q(C
n \ ZK).
Proposition 2. The pairing between the vector spaces H−p,2q(C
n \ ZK,R) ⊂
H−p+2q(C
n \ ZK,R) and φ(H−p′,2q′(RK ⊗ R)) ⊂ H−p′+2q′(Cn \ ZK,R) is nonde-
generate if p = p′, q = q′ and is identically zero otherwise.
Proof. Suppose that p′ 6= p and q′ 6= q; then it follows from Proposition 1 that
〈Γ−p,2q, φ(ω−p′,2q′)〉 = 0 for every Γ−p,2q ∈ H−p,2q(Cn \ ZK) and every ω−p′,2q′ ∈
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H−p
′,2q′(RK). Hence the pairing between Γ−p,2q and φ(ω
−p′,2q′) can be nonzero
only if p′ = p, q′ = q. Since the pairing between
Hs(C
n \ ZK,R) =
⊕
−p+2q=s
H−p,2q(C
n \ ZK,R)
and
Hs(Cn \ ZK,R) =
⊕
−p+2q=s
φ(H−p,2q(RK ⊗ R))
is nondegenerate, we obtain the statement of the proposition.
2. Mixed Hodge structures and resolvents of cycles
Here we recall some facts about mixed Hodge structures. For references, see
[6], [11], [13], [17].
Definition 3. Let H be a finite-dimensional vector space over Q. A pure Hodge
structure of weight s on H is a decreasing filtration F on HC = H ⊗ C such that
F pHC ∩ F qHC = 0
whenever p+ q = s+ 1. The filtration F is called the Hodge filtration.
Definition 4. Let H be a finite-dimensional vector space over Q. A mixed
Hodge structure on H consists, by definition, of the following:
(1) An increasing (weight) filtration W on H ;
(2) A decreasing (Hodge) filtration F on H = H ⊗ C satisfying the following
condition: the filtration F induces a pure Hodge structure of weight s on
GrWs H = WsH ⊗ C/Ws−1H ⊗ C.
Cohomology groups of quasi-projective varieties admit a natural mixed Hodge
structure. In particular,
Proposition 3. The weight filtration on the cohomology Hs(X,Q) of a smooth
variety X has the form
0 = Ws−1 ⊂Ws ⊂ · · · ⊂W2s = Hs(X,Q).
In this article we will use methods of differential topology, so we will consider
the weight filtration on Hs(X,C), not on Hs(X,Q). Now we recall the construction
of the mixed Hodge structure on cohomology groups of a smooth complex algebraic
variety.
Let X be a smooth complex algebraic variety of dimension n. A proper com-
pactification of a variety X is an open embedding j : X →֒ X into a complete
smooth algebraic variety X such that X \ X = V is a smooth normal crossing
divisor. According to Hironaka’s theorem, a proper compactification always exists.
Let the divisor V be defined by equations z1 · . . . · zk = 0 in a neighborhood
U ⊂ X, where zi are local coordinates in U.
Definition 5. The sheaf
Ωm
X
(logV ) =
m∧
(Ω1
X
(logV ))
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is called the sheaf of holomorphic m-forms on X with logarithmic poles along V ,
where Ω1
X
is the locally free OX-module generated over U by the differentials
dz1
z1
, . . . ,
dzk
zk
, dzk+1, . . . , dzn.
In other words, the sections of the sheaf Ωm
X
(log V ) in the neighborhood U are
m-forms
ω ∧ dzI
zI
,
where ω is a holomorphic form on U , I = {i1, . . . , ip} ⊂ {1, . . . , k}. Consider the
following sheaves:
Ep,q
X
(logV ) = Ωp
X
(logV )⊗O
X
E0,q
X
,
Es
X
(log V ) =
⊕
p+q=s
Ep,q
X
(logV ).
One can show that
Hs(X,C) = Hsd(Γ(X, EsX(log V ))),
where Γ(X, Es
X
(logV )) is the space of global sections of Es
X
(log V ) and
Hsd(·) is the cohomology with respect to the external derivative d.
Let us define the increasing weight filtration W on the sheaf Ωm
X
(logV ) by
setting
WkΩ
m
X
(log V ) = Ωk
X
(logV ) ∧Ωm−k
X
,
similarly on Ep,q
X
(log V ) and Es
X
(logV ). Define the weight filtration on cohomology
as follows
Wk+sH
s(X,C) = Hsd(Γ(X,WkE∗X(logV ))).
Consider the decreasing Hodge filtration
F kEs
X
(log V ) =
⊕
p≥k
Ep,s−p
X
(logV )
on the sheaf Es
X
(logV ). It induces the following Hodge filtration on the cohomology:
F kHs(X,C) = Hsd(Γ(X,F
kE∗
X
(logV ))).
Proposition 4. These two filtration define the desired mixed Hodge structure
on Hs(X,C).
Now we are going to develop some technical methods. We will use them to
prove the main result of the paper. The main idea of what we are going to do is to
define weight and Hodge filtrations on a kind of Cˇech-de Rham complex. Probably,
the constructions below are well-known, but we don’t know references.
Let Dα, α ∈ A be a finite set of divisors in X such that
⋃
α∈ADα ∪ V is a
smooth normal crossing divisor and
⋂
α∈ADα = ∅. This set of divisors defines
an open cover U = {Uα = X \ Dα}α∈A of X. Besides, it defines the open cover
UX = {UXα = X \Dα}α∈A of X.
Consider the Cˇech complex (C∗(U , Er(log V )), δ) of the cover U with coefficients
in the sheaf Er(logV )
· · · δ→ Ct−1(U , Er(logV )) δ→ Ct(U , Er(logV )) δ→ Ct+1(U , Er(log V ))→ . . . .
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Let (C∗(U , Erlog), δ) be a subcomplex of (C∗(U , Er(logV )), δ) such that for any ω ∈
Ct(U , Erlog) the element (ω)α0,...,αt is an element of Γ(X, ErX(log V ∪Dαo∪· · ·∪Dαt)).
There exists a de Rham differential d : Ct(U , Erlog)→ Ct(U , Er+1log ),
(dω)α0,...,αt = d(ω)α0,...,αt .
The groups Ct(U , Erlog) with the differentials d and δ form a double complex; its
associated single complex is denoted by
Ks(U , Elog) =
⊕
r+t=s
Ct(U , Erlog).
Consider the operator D = (−1)rδ + d on Ct(U , Erlog). This operator defines a
differential of the complex Ks(U , Elog). Hodge filtration F and weight filtration W
are defined naturally on the complexes Ks(U , Elog) and Ct(U , Erlog).
Consider a linear map ε : Es
X
(log V ) → C0(U , Eslog) such that ε(ω)α = ω|Uα ,
α ∈ A. The map ε : Es
X
(log V ) → C0(U , Eslog) induces a map from EsX(log V ) to
Ks(U , Elog). We will denote the latter map by the same symbol ε.
Let ρα, α ∈ A, be a partition of unity subordinated to the open cover U ,
i.e., a set of real nonegative C∞-functions on X such that
∑
α∈A ρα ≡ 1 and
supp(ρα) ⊂ Uα. Using this partition of unity we define a homotopy operator T :
Ct(U , Erlog)→ Ct−1(U , Erlog):
(Tω)i0,...,it−1 =
∑
α∈A
ραωα,i0,...,it−1 ;
here, ω is an element of Ct(U , Eslog). It is easy to check that
Tδ + δT = Id.
Proposition 5. The map ε : E∗
X
(log V )→ K∗(U , Elog) is a quasi-isomorphism
of complexes. The induced isomorphism
H∗(X,C) ∼= H∗(E∗
X
(logV ), d)
ε∼= H∗(K∗(U , Elog), D)
respects Hodge and weight filtrations.
Proof. Consider the sequence
0→ Es
X
(log V )
ε→ C0(U , Eslog) δ→ C1(U , Eslog) δ→ . . .
Since there exists a homotopy operator T, this sequence is exact. Therefore, by
standard arguments, ε defines a quasi-isomorphism of complexes. Moreover, the
homotopy operator is compatible with weight and Hodge filtrations. In other
words, we have T (WkC
t(U , Eslog)) ⊂ WkCt−1(U , Eslog) and T (F kCt(U , Eslog)) ⊂
F kCt−1(U , Eslog). Hence the sequences
0→WkEsX(log V )
ε→WkC0(U , Eslog) δ→WkC1(U , Eslog) δ→ . . . ,
0→ F kEs
X
(logV )
ε→ F kC0(U , Eslog) δ→ F kC1(U , Eslog) δ→ . . .
are exact and the induced filtrations on the cohomology groups of K∗(U , Elog) co-
incide with the filtrations on H∗(E∗
X
(logV ), d).
From now until the end of this section we will follow the ideas the paper [8]. The
main purpose of this part is to give definitions of a UX -chain and of a UX -resolvent
of a cycle, and to describe their properties.
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Definition 6. A UX-chain of degree t and of dimension s on the variety X is
an alternating function Γ from the set of indexes At+1 to the group of s-dimensional
singular chains of X such that Γ is nonzero at a finite number of points from At+1
and
supp(Γi0,...,it) ⊂ UXi0 ∩ · · · ∩ UXit ,
for every (i0, . . . , it) ∈ At+1, where supp(Γi0,...,it) is the support of the chain
Γi0,...,it .
Let Ct,s(UX) be the additive group of UX -chains of degree t and of dimension
s on the variety X. Define the maps δ′ : Ct,s(UX)→ Ct−1,s(UX)
(δ′Γ)i0,...,it−1 =
∑
i∈A
Γi,i0,...,it−1 ,
and ∂ : Ct,s(UX)→ Ct,s−1(UX)
(∂Γ)i0,...,it = ∂(Γ)i0,...,it ,
i.e., the operator ∂ is a boundary operator on each chain Γi0,...,it . Obviously, we
have ∂∂ = 0 and δ′δ′ = 0. The groups Ct,s(UX), t, s ≥ 0, with the differentials δ′, ∂
form a double complex. Let us define the map ε : C0,s(UX)→ Cs(X) as
ε(Γ) =
∑
i∈A
Γi,
where Cs(X) is the group of the singular chains of dimension s on X .
Now we will construct a pairing between elements of Ct,s(UX) and Ct(U , Eslog).
Suppose that Γ ∈ Ct,s(UX) and ω ∈ Ct(U , Eslog). Then
〈ω,Γ〉 = 1
(t+ 1)!
∑
(i0,...,it)∈At+1
∫
Γi0,...,it
ωi0,...,it .
There exist the following relations for the pairing:
〈ωt,s, ∂Γt,s+1〉 = 〈dωt,s,Γt,s+1〉,
〈δωt,s,Γt+1,s〉 = 〈ωt,s, δ′Γt+1,s〉,∫
ε(Γ0,s)
ωs = 〈εωs,Γ0,s〉,
where ωt,s ∈ Ct(Es,U), ωs ∈ Es(X), and Γt,s ∈ Ct,s(U).
Definition 7. Let Γ be a singular cycle of dimension s on X. A UX-resolvent
of length k of the cycle Γ is a collection of UX-chains Γi ∈ Ci,s−i(UX), 0 ≤ i ≤ k
such that Γ = εΓ0 and ∂Γi = (−1)s−iδ′Γi+1.
Proposition 6. Suppose that one has an s-dimensional cycle Γ, a closed dif-
ferential form ω of degree s on X, a UX-resolvent Γ0, . . . ,Γk of the cycle Γ, and a
cocycle ω˜ ∈ Ks(U , Elog). If ω˜ =
∑
i≤k ω˜
i,s−i, ω˜i,s−i ∈ Ci(U , Es−ilog ), and the cocycle
εω equals ω˜ in Hs(K∗(U , Elog), D), then∫
Γ
ω =
∑
i≤k
〈ω˜i,s−i,Γi〉.
This proposition follows directly from the properties of the pairing.
MIXED HODGE STRUCTURE ON COMPLEMENTS OF ARRANGEMENTS 9
Remark 2. We considered UX-chains on the manifold X with some special
cover UX and the pairing with elements of Ct(U , Eslog), because it is what we need
in the sequel. However, one can consider the UX-chains for an arbitrary cover of
a smooth manifold X and the pairing of this UX-chains with the Cˇech cochains
Ct(UX , Es). In this case the results above are also true.
3. Mixed Hodge structure on cohomology of complements to
coordinate subspace arrangements
In this section we compute mixed Hodge structure on the cohomology ring
H∗(Cn \ ZK,C). It follows from Theorem 3 and Proposition 1 that there is an
isomorphism H∗(Cn \ZK,C)
φ∼= H∗(RK⊗C). Let us recall that we use the following
notation: H−p,2q(RK) is the bigraded cohomology group of the complex R
−p,2q
K ,
F kHs(Cn \ ZK,C) is the k-th term of the Hodge filtration on Hs(Cn \ ZK,C),
WrH
s(Cn \ ZK,C) is the r-th term of the weight filtration on Hs(Cn \ ZK,C).
Theorem 4. There exist the following isomorphisms:
F kHs(Cn \ ZK,C)
φ∼=
⊕
q≥k
−p+2q=s
H−p,2q(RK ⊗ C),
WrH
s(Cn \ ZK,C)
φ∼=
⊕
2q≤r
−p+2q=s
H−p,2q(RK ⊗ C).
Proof. Let us construct a proper compactification of Cn \ ZK. Consider the
standard embedding Cn \ ZK →֒ Cn →֒ CPn. Then
Cn \ ZK = CPn \ (CPn−1∞ ∪
⋃
σ 6∈K
Lσ),
where Lσ is the closure of the complex plane
Lσ = {z ∈ Cn : zi = 0, i ∈ σ},
and CPn−1∞ is the hyperplane at infinity. Making a sequence of blowups along ir-
reducible components of CPn−1∞ ∪
⋃
σ 6∈K Lσ we get a proper compactification of
Cn \ ZK. Denote this compactification by X. Let L˜i be the proper preimage of the
closure of Li = {z ∈ Cn : zi = 0} in X. Put
Uσ = X \
⋃
i6∈σ
L˜i.
Then UK = {Uσ}σ∈K is the open cover of X. The restriction of UK to Cn \ ZK
is the open cover of Cn \ ZK. If U˜σ = Uσ ∩ (Cn \ ZK), then U˜σ is isomorphic to
C|σ| × (C∗)n−|σ|.
Consider the logarithmic Cˇech-de Rham double complex (Ct(UK, Erlog), d, δ)
and the associated single complex (Ks(UK, Elog), D). It follows from Proposition
5 that cohomology of Hs(K∗(UK, Elog), D) is isomorphic to the de Rham cohomol-
ogy group Hs(Cn \ZK,C). Weight filtrations on both cohomology groups coincide,
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and the same is true for Hodge filtration. Define a subcomplex (M r,t(UK), d, δ) of
(Ct(U , Erlog), d, δ); the elements of this complex are
(ω)α0...αt =
∑
|I|=r
I⊂[n]\(α0∩···∩αt)
CIα0...αt
dzI
zI
,
where CIα0...αt ∈ C and α0, . . . , αt ∈ K. It is easy to see that dzIzI are indeed logarith-
mic forms in the proper compactification. Denote by j : M r,t(UK) →֒ Ct(U , Erlog)
the inclusion of the subcomplex. The associated single complex is denotedM s(UK).
Observe that the differential d acts trivially on the complex M r,t(UK), whence
the cohomology Hs(M•(UK), D) is isomorphic to
⊕
r+t=sH
t(M r,•(UK), δ), where
Ht(M r,•(UK), δ) is the cohomology of the complex
· · · →M r,t−1(UK)→M r,t(UK)→M r,t+1(UK)→ . . . .
Lemma 1. The inclusion map j : M s(UK) →֒ Ks(UK, Elog) is a quasi-
isomorphism.
Proof of the Lemma. We will show that for any element ϕ ∈ Ks(UK, Elog)
such that Dϕ = 0, there exist ψ ∈ M s(UK) and ω ∈ Ks−1(UK, Elog) such that
Dψ = 0, ϕ = ψ+Dω. This will prove the lemma. First, observe that any cocycle in
Ks(UK, Elog) is cohomologous to a cocycle from C0(UK, Eslog). Indeed, by Proposition
5 the map ε : Es
X
(log V ) → C0(UK, Eslog) ⊂ Ks(UK, Elog) is a quasi-isomorphism of
complexes. Let ϕ be a cocycle from C0(UK, Eslog). Let us prove that for any k ≥ −1
there exist ψ0, . . . , ψk, ψi ∈M s−i,i(UK), Dψi = 0, ω0, . . . , ωk, ωi ∈ Ci(UK, Es−1−ilog ),
and ϕk ∈ Ck+1(UK, Es−k−1log ), Dϕk = 0 such that
ϕ =
k∑
i=0
ψi +D
k∑
i=0
ωi + ϕk.
We will construct inductively such a cocycle decomposition. The base of induc-
tion: k = −1, this case is trivial, ϕ = ϕ−1.
Suppose that the decomposition
ϕ =
k∑
i=0
ψi +D
k∑
i=0
ωi + ϕk
is already constructed for a given k.
SinceDϕk = 0, the form ϕkσ0,...,σk+1 , σ0, . . . , σk+1 ∈ K is a closed (s−k−1)-form
on U˜σ0∩···∩σk+1 . There exists a unique decomposition
ϕkσ0,...,σk+1 =
∑
|I|=s−k−1
I⊂[n]\(σ0∩···∩σk+1)
CIσ0,...,σk+1
dzI
zI
+ dωσ0,...,σk+1 .
Indeed, differential forms dzI
zI
, |I| = s−k−1, I ⊂ [n]\ (σ0∩· · ·∩σk+1) are a basis of
Hs−k−1(U˜σ0∩···∩σk+1). Putting ωk+1σ0,...,σk+1 = −ωσ0,...,σk+1 , ϕk+1 = (−1)s−k−1δωk+1,
and
ψk+1σ0,...,σk+1 =
∑
|I|=s−k−1
I⊂[n]\(σ0∩···∩σk+1)
CIσ0,...,σk+1
dzI
zI
,
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we see that
ϕ =
k+1∑
i=0
ψi +D
k+1∑
i=0
ωi + ϕk+1.
Let us check that Dψk+1 = 0, Dϕk+1 = 0. From definition we have
Dψk+1 +Dϕk+1 = 0, dψk+1 = 0, δϕk+1 = 0,
therefore, (−1)s−k−1δψk+1 = −dψk+1 and (δψk+1)σ0,...,σk+2 is a liner combination
of differential forms dzI
zI
on U˜σ0∩···∩σk+2 ∼= C|σ0∩···∩σk+2| × (C∗)n−|σ0∩···∩σk+2|. This
form is exact if and only if it is identically zero. Thus, (−1)s−k−1δψk+1 = −dψk+1 =
0. The induction step is proved.
Taking k = s we have
ϕ =
s∑
i=0
ψi +D
s∑
i=0
ωi + 0,
for ψ =
∑s
i=0 ψ
i and ω =
∑s
i=0 ω
i, we have
ϕ = ψ +Dω,
and proves the lemma. 
Lemma 2. Mixed Hodge structure on Hs(K∗(UK, Elog), D) ∼= Hs(M∗(UK), D)
has the form
F kHs(M∗(UK), D) =
⊕
r≥k
r+t=s
Ht(M r,•(UK), δ),
WkH
s(M∗(UK), D) =
⊕
2r≤k
r+t=s
Ht(M r,•(UK), δ).
Proof of the Lemma. The complex (M r,t(UK), δ) is naturally isomorphic to
the complex (Ct(UK, Hr(•)), δ). An element ψ ∈ Ct(UK, Hr(•)) is a cochain with
coefficients in cohomology, i.e., ψσ0,...,σt ∈ Hr(U˜σ0 ∩ · · · ∩ U˜σt ,C). There exists a
natural mixed Hodge structure on Hr(U˜σ0 ∩ · · · ∩ U˜σt ,C) :
H∗(U˜σ0 ∩ · · · ∩ U˜σt ,C) ≃
∧∗
[
dzi
zi
: i 6∈ σ0 ∩ · · · ∩ σt],
F kH∗(U˜σ0 ∩ · · · ∩ U˜σt ,C) ≃
⊕
r≥k
∧r
[
dzi
zi
: i 6∈ σ0 ∩ · · · ∩ σt],
WkH
∗(U˜σ0 ∩ · · · ∩ U˜σt ,C) ≃
⊕
2r≤k
∧r
[
dzi
zi
: i 6∈ σ0 ∩ · · · ∩ σt].
By functoriality we obtain a mixed Hodge structure on Hs(M∗(UK), D). This gives
us the statement of the lemma. 
Lemma 3. Let
Γ−p,2q =
∑
|σ|=q−p
|γ|=p
Cσγ ·D2σ × S1γ
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be a cycle in Cn \ZK. Then there exists a UK-resolvent Γ0−p,2q, . . . ,Γq−p−p,2q of length
q − p, where Γk−p,2q is a UK-chain of dimension 2q − p − k and of degree k of the
form
(Γk−p,2q)α0,...,αk =
∑
|σ|=q−p−k
|γ|=p+k
Cσγα0...αk ·D2σ × S1γ .
Proof of the Lemma. We will use induction on the length k of the resolvent. We
are going to construct a resolvent of the special form
(Γk−p,2q)σk,σk−1,...,σ0 =
∑
|γ|=p+k
Cσkγσk...σ0 ·D2σk × S1γ
for |σj | = q − p− j, σj ⊂ σt, j > t, t, j = 0, . . . , k, and (Γk−p,2q)α0,...,αk = 0 for any
other indexes α0, . . . , αk.
The base of induction: define (Γ0−p,2q)σ0 =
∑
|γ|=pC
σ0γ ·D2σ0 × S1γ with |σ0| =
q − p, and (Γ0−p,2q)α = 0 for any other indexes α. We get
Γ−p,2q =
∑
|σ0|=q−p
|γ|=p
Cσ0γ ·D2σ0 × S1γ =
∑
σ∈K
(Γ0−p,2q)σ = ε
′Γ0−p,2q,
therefore Γ0−p,2q is a resolvent of length 0.
Suppose that a resolvent Γ0−p,2q, . . . ,Γ
k
−p,2q of length k is already constructed.
Recall that (i, γ) is the position of i in the naturally ordered set γ ∪ i. Put
(Γk+1−p,2q)σk\i,σk...σ0 = (−1)2q−p−k
∑
|γ|=p+k
(−1)(i,γ)Cσkγσk...σ0D2σk\i × S1γ∪i
for i ∈ σk, |σj | = q − p− j, σj+1 ⊂ σj , and put
(Γk+1−p,2q)α0,...,αk+1 = 0
for any other indexes α0, . . . , αk+1. Let us show that Γ
0
−p,2q, . . . ,Γ
k+1
−p,2q is a resolvent
of length k + 1. We have
(−1)2q−p−k(δ′Γk+1−p,2q)σk...σ0 =
∑
i∈σk
(Γk+1−p,2q)σk\i,σk...σ0 =
=
∑
i∈σk
|γ|=p+k
(−1)(i,γ)Cσkγσk...σ0D2σk\i × S1γ∪i =
∑
|γ|=p+k
Cσkγσk...σ0∂D
2
σk
× S1γ =
= (∂Γk−p,2q)σk...σ0 .
For any indexes α0, . . . , αk different from σk, . . . , σm+1, σm−1, . . . , σ0, 0 ≤ m ≤ k,
directly from definition of the chain Γk−p,2q,Γ
k+1
−p,2q, we get
(∂Γk−p,2q)α0,...,αk = (−1)2q−p−k(δ′Γk+1−p,2q)α0,...,αk = 0.
Consider the last case σk \ i, σk, . . . , σm+1, σm−1, . . . , σ0 for 0 ≤ m ≤ k. Since by
the induction hypothesis Γ0−p,2q . . .Γ
k
−p,2q is a resolvent, we get
(−1)2q−p−k+1δ′Γk−p,2q = ∂Γk−1−p,2q,
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whence δ′∂Γk−p,2q = 0 and
(δ′∂Γk−p,2q)σk...σm+1σm−1...σ0 =
=
∑
σm+1⊂σm⊂σm−1
|σm|=q−p−m
∑
|γ|=p+k
∑
i∈σk
(−1)(i,γ)Cσkγσk...σ0 ·D2σk\i × S1γ∪i = 0,
Therefore, for a fixed i ∈ σk we get∑
σm+1⊂σm⊂σm−1
|σm|=q−p−m
∑
|γ|=p+k
(−1)(i,γ)Cσkγσk...σ0 ·D2σk\i × S1γ∪i = 0.
On the other hand,
(δ′Γk+1−p,2q)σk\i,σk...σm+1σm−1...σ0 =
=
∑
σm+1⊂σm⊂σm−1
|σm|=q=p−m
∑
|γ|=p+k
(−1)(i,γ)Cσkγσk...σ0 ·D2σk\i × S1γ∪i,
whence (δ′Γk+1−p,2q)σk\i,σk...σm+1σm−1...σ0 = 0. We have shown that
∂Γk−p,2q = (−1)2q−p−kδ′Γk+1−p,2q.

Recall that by Proposition 5 the map ε : H∗(Cn \ ZK,C)→ H∗(K∗(UK, Elog))
is an isomorphism.
Lemma 4. Let
Γ−p,2q =
∑
|σ|=q−p
|γ|=p
Cσγ ·D2σ × S1γ
be a cycle in Cn \ ZK, and let ψ ∈M r,t(UK) ⊆ Kr+t(UK, Elog) be a cocycle. Then∫
Γ−p,2q
ε−1ψ = 0
for any p, q, r, t such that r 6= q or t 6= q − p.
Proof of the Lemma. We may assume that 2q − p = r + t = s, otherwise
dimΓ−p,2q 6= deg ε−1ψ and the integral is automatically zero. By Lemma 3 we have
the resolvent Γ0−p,2q, . . . ,Γ
q−p
−p,2q of Γ−p,2q.
The first case is r > q. By Proposition 6 we have∫
Γ−p,2q
ε−1ψ = 〈ψ,Γt−p,2q〉,
where
(Γt−p,2q)α0,...,αt =
∑
|σ|=q−p−t
|γ|=p+t
Cσγα0...αt ·D2σ × S1γ .
Since q − p − t > 0, the pairing 〈ψ,Γt−p,2q〉 is a sum of integrals of the differential
forms dzI
zI
over chains D2σ × S1γ , |σ| 6= 0. A direct computation shows that all this
integrals are equal to zero. So, ∫
Γ−p,2q
ε−1ψ = 0.
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The second case is r < q. There exist cochains ωr,s−r−1, . . . , ωq−1,s−q, ωi,j ∈
Cj(UK, E ilog), such that the cocycle
ϕ = ψ +D
q−1∑
i=r
ωi,s−i−1
is an element of Cs−q(UK, Eqlog). By Proposition 6 we have∫
Γ−p,2q
ε−1ψ = 〈ϕ,Γq−p−p,2q〉,
where
(Γq−p−p,2q)α0,...,αt =
∑
|γ|=q
Cγα0...αq−p · S1γ .
Observe that the differential forms ϕσ0,...,σs−q = d(ω
q−1,s−q
σ0,...,σs−q
) are exact. Thus, the
pairing 〈ϕ,Γq−p−p,2q〉 is a sum of integrals of exact differential forms over cycles S1γ ,
and all such integrals are equal to zero. So, we have∫
Γ−p,2q
ε−1ψ = 0.
The lemma is proved. 
By Proposition 2 the pairing between the vector spaces H−p,2q(C
n \ ZK,C) ⊂
H−p+2q(C
n \ ZK,C) and φ(H−p′,2q′(RK ⊗ C)) ⊂ H−p′+2q′(Cn \ ZK,C) is nonde-
generate if p = p′, q = q′, and is identically zero otherwise. On the other hand,
H∗(Cn \ ZK,C) ε≃ H∗(K∗(UK, Elog)) ≃ Hs(M•(UK), D) ≃
⊕
r+t=s
Ht(M r,•(UK), δ).
By Lemma 4 we see that the pairing between the spaces H−p,2q(C
n \ ZK,C) ⊂
H−p+2q(C
n \ ZK,C) and Ht(M r,•(UK), δ) is zero if r 6= q or t 6= q − p. The pairing
between H−p+2q(C
n \ZK,C) and H−p+2q(M•(UK), D) is nondegenerate, therefore,
the pairing between H−p,2q(C
n \ ZK,C) and Hq−p(M q,•(UK), δ) is nondegenerate,
and these spaces are dual. Hence, we have a natural isomorphism
Hq−p(M q,•(UK), δ)
φ◦ε≃ H−p,2q(RK ⊗ C);
using this isomorphism and Lemma 2 we obtain the statement of the theorem. 
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